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practical for the transient simulation of mixing processes at large spatial and temporal scales such as crude o
mixing in large-diameter storage tanks. To keep the efficiency of parallel computation of LBM, the RANS mode
should also be explicitly solved; whereas to keep the numerical stability the implicit method should be bette
for RANS model. This article explores the numerical stability of explicit methods in 2D cases on one hand, an
on the other hand how to accelerate the computation of the coupled model of LBM and an implicitly solve
RANSmodel in 3D cases. To ensure the numerical stability andmeanwhile avoid the use of empirical artificial lim
itations on turbulent quantities in 2D cases, we investigated the impacts of collision models in LBM (LBGK, MRT
and the numerical schemes for convection terms (WENO, TVD) and production terms (FDM, NEQM) in an explic
itly solved standard k–εmodel. The combination ofMRT and TVDorMRT andNEQMcan be screened out for the 2
simulation of backward-facing step flow even at Re=107. This scheme combination, however, may still not guar
antee the numerical stability in 3D cases and hencemuch finer grids are required, which is not suitable for the sim
ulation of industrial-scale processes. Thenweproposed anewmethod to accelerate the coupledmodel of LBMwit
RANS (implicitly solved). When implemented on multiple GPUs, this newmethod can achieve 13.5-fold accelera
tion relative to the original coupled model and 40-fold acceleration compared to the traditional CFD simulatio
based on Finite Volume (FV) method accelerated by multiple CPUs. This study provides the basis for the transien
flow simulation of larger spatial and temporal scales in industrial applications with LBM–RANS methods.
© 2017 The Chemical Industry and Engineering Society of China, and Chemical Industry Press. All rights reserved
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1. Introduction

Fluid mixing is ubiquitous in chemical and process industries, an
Computational Fluid Dynamics (CFD) is playing important roles i
evaluating the mixing for various processes [1–3]. Traditional Finit
Volume (FV)-based CFD models prove to be feasible for the steady-stat
simulation of mixing processes or the transient simulation of physicall
fast mixing processes. In the latter case, the flow can reach equilibrium
within a relatively short time and can be effectively simulated by trad
tional CFDwith current computational resources. For instance, themixin
of two or more miscible fluids of similar densities or viscosities can b
treated as a single-phase flow of multiple components, and the FV
based CFD simulation was always decoupled into two procedures: th
flow field was first obtained through steady-state simulation, and the
the scalar transport equations, e.g., the concentration of component
were separately solved in a time-dependent manner with the calculate
flow field [4–6]. The computational resource needed is relatively sma
and some critical parameters such as mixing time can be predicted wit
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certain accuracy [7,8]. On the other hand, in case of two-phase flow
such as the mixing of gas bubbles and liquids, the two-fluid mode
may have to be applied to differentiate the movement tendencies of th
mixing fluids at the governing equations level [9,10], let alone Direct Nu
merical Simulation (DNS) [11] or Eulerian-Lagrangian simulation [12] o
multiphase flow. In this case, the problems of higher computational cos
and difficulties in numerical stability may become pronounced since th
equations are strongly coupled, and the modeling accuracy is also sens
tive to the turbulence models or interphase interaction models.

However, for somemixing processes with highly transient character
istics or the so-called active mixing [13,14] in which the distribution o
miscible solvent has non-negligible influences on flow field, even solvin
the equations of time-dependent single-phase turbulent flow of multipl
components is time-consuming, let alone using the two-fluid models.
typical example is the mixing of crude oil in large–diameter storag
tanks in which it takes hours or days to complete the mixing of two o
multiple crude oils of different densities [15,16] and only the transien
flow simulation is relevant. To effectively simulate the mixing of tw
crude oils of different densities in storage tankswith acceptable computa
tional cost, the Boussinesq approximation is generally applied, keepin
only the density difference in the gravitational term as a compromise be
tween computational cost and accuracy [17,18] . Even though, it is sti
unfeasible to simulate transient mixing processes in industrial scale b
solving FV-based CFD. For example, it took about 30 CPU hours t
Industry Press. All rights reserved.
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update only one second of physical time when using FV-based CFD
and Detached Eddy Simulation (DES) to solve the single-phas
flow and scalar transport equations for the passive mixing proces
(the solvent distribution has less impacts on flow field) [13,14] in
cylindrical stirred tank (diameter T: 0.15mand heightH=T, cells num
ber: 500000, time step: 0.001 s) [19]. For those active mixing processe
itmay take about 432000 CPUhours ormore to simulate only one day o
physical time for crude oil mixing in a storage tank (more than 104m3

even using only 500000 cells in total. It is therefore not affordable or
challenging issue for traditional FV-based CFD methods to simulat
transient mixing processes in such large-scale industrial applications.

The parallel computation of Lattice Boltzmann Method (LBM
simulation accelerated by Graphic Processing Units (GPU) might b
a suitable alternative. LBM is distinguished by the explicitly time
marching and highly localized computation properties, and prove
to be more suitable for parallel computation and transient flow
simulation [20,21], in particular when utilizing the modern high
performance GPU cards. The computational speed of GPU
accelerated LBM is reported to be able to achieve nearly two-order
of magnitude faster than the LBM simulation using contemporar
mainstream CPU [22]. In addition, the flow in crude oil mixing pro
cess in industrial scale is always turbulent. Reynolds-Average
Navier–Stokes (RANS) turbulence modeling is more practical an
economical than DNS [17,18] or Large Eddy Simulation (LES) [23
24], and may also be the only feasible approach for large-scale indus
trial turbulent flow simulation. The standard k–ε model, the mos
popular RANS model, solves the transport equations of turbulen
kinetic energy or turbulent dissipation rate [25]. Compared to th
FV-based CFD–RANS simulation, the GPU-accelerated LBM–RAN
simulation is of practical interest for industrial applications.

Nevertheless, there are still several issues that need to be settled be
fore exploiting the advantage of LBM–RANS simulation. First, to maintai
the parallelismand computational efficiency of LBM, theRANS turbulenc
modelmayhave to be explicitly solved. The LBMsimulationusing the Lat
tice Bhatnagar–Gross–Krook (LBGK) collision model has been couple
with the explicitly solved RANSmodel and validated in some benchmar
problems of steady flow such as the turbulent pipe flows or separate
flows [26, 27] or the turbulent flow around the aircraft wing of NAC
4412 profiled with surface grid refinement [28]. However, the equation
in RANS models, which consist of a set of non-linear source terms, ar
strongly coupledwith each other and themomentumconservation equa
tions. This nature of RANS models makes the explicit computation o
RANS models difficult to converge [29]. As a result, some artificial limita
tions were usually imposed for turbulent quantities to enhance the nu
merical stability. For example, the turbulent quantities were onl
allowed to be updated when the newly calculated turbulent viscosit
was less than an upper threshold (e.g., 0.25 in lattice unit) [26], or the tur
bulent dissipation rate or turbulent kinetic energywas larger than a lowe
threshold [28]. The artificial numerical limitationmay influence the accu
racy of transient simulation, especially for the flow of longer evolutio
time in crude oil mixing. It is necessary to find a suitable combination o
numerical treatments for the coupledmodel of LBM and explicitly solve
RANS model, ensuring the numerical stability without resorting to th
empirical artificial limitation. In this study, we first investigated the im
pacts of a series of factors such as the collision models in LBM, th
discretization schemes of convection terms and the computationa
methods of production terms in standard k–εmodel on numerical stabil
ity in a 2D case. These factors have not yet received a systematic study i
the coupling of LBM and explicitly solved standard k–ε model. Rathe
than testing above-mentioned each single componentwhich has been al
ready reported in literature, we aim to find a suitable combination o
these numerical schemes to ensure the numerical stability without an
artificial limitations. A classical benchmark problem with complex flow
separation, i.e. the turbulent flow over a backward-facing stepwas evalu
ated in the 2D simulations, and an optimized scheme combination wa
screened out for the 2D simulation cases.
Secondly, the optimized schemes for the 2D cases, however, sti
cannot guarantee the numerical stability in the 3D cases in our tests
Further refinement of the grids might improve the stability but at ex
pense of much more computational resources. Hence it is still not suit
able for the simulation of industrial-scale processes. To keep th
numerical stability, the implicit method for RANS should be bette
which may however greatly slow down the computational speed an
compromise the advantage of explicit computation and parallelism o
LBM. The key question is how to harmonize the explicitly solved LBM
and implicitly solved RANS to accelerate the computation.We then pro
posed a new accelerating method to synchronize the LBM and RAN
computations, or in other words, making the RANS simulation compat
ible with the LBM computation. This method shows the potential to b
applied for accelerating the computation of long time activemixing pro
cesses in an industrial-scale mixing tank.

2. Mathematical Models

2.1. The Lattice Boltzmann Method

Thegoverning equationof theMultiple Relaxation Time (MRT)–LBM
[30,31] is

f xþ eiΔt; t þ Δtð Þ ¼ f x; tð Þ−M−1S m−meqð Þ þ I−
1
2
S

� �
F ð1

where f is the velocity distribution function vector, ei is the discret
velocity vector,M is the transformation matrix, and S is the diagonal col
lision matrix with adjustable parameters. m, the velocity distributio
function vector in moment space, is computed by m = Mf. meq is th
equilibrium moment, I is the identity matrix, and F is the force term i
moment space [32]. The D2Q9 model is chosen for 2D simulation. Th
details of meq, M and F for 2D simulation are shown in Appendix. Th
parameters in S are set as S0 = S3 = S5 = 0, S1 = 1.19, S2 = 1.4, S4 =
S6 = 1.2 and Sv = S7 = S8 = 1/τ0. For 3D simulation, the D3Q19 mode
is chosen. The parameters in S are set as S1 = 1.19, S2 = S10 = S12 =
1.4, S0 = S3 = S5 = S7 = 0, S4 = S6 = S8 = 1.2, Sv = S11 = S13 =
S14 = S15 = 1/τ0 and S16 = S17 = S18 = 1.2. The details of meq, M
and F for 3D simulation are also shown in Appendix A. τ0 is relate
to the kinematic viscosity of fluid v0 = (τ0 − 0.5)/3. In LBG
model, the parameters of S are all the same and equal to 1/τ0
For the LBM–RANS coupled modeling, the turbulent viscosity i
integrated into the relaxation time by,

τ ¼ τ0 þ 3vt ð2

2.2. Turbulence modeling

2.2.1. The standard k–ε models
The transport equations for k and ε are generally formulated as

∂k
∂t

þ ∂ uikð Þ
∂xi

¼ ∂
∂xj

v0
σk0

þ vt
σk

� �
∂k
∂xj

" #
þ Sk ð3

and

∂ε
∂t

þ ∂ uiεð Þ
∂xi

¼ ∂
∂xj

v0
σε0

þ vt
σε

� �
∂ε
∂xj

" #
þ Sε ð4

where σk0, σk, σε0, and σε are the model parameters. The turbulenc
viscosity

vt ¼ Cμ
k2

ε
ð5
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where Cμ is the model parameter. The source terms Sk and Sε for th
standard k–ε model are given as

Sk ¼ Gk−ε ð6

Sε ¼ ε
k
c1Gk−c2

ε2

k
ð7

Gk = vt |S |2 and represent the generation of turbulence kinetic ener
gy (production term). S is the magnitude of strain rate tensor and S =

(2SijSij)1/2, andSij ¼ 1
2

�
∂ui
∂x j

þ ∂u j

∂xi

�
. The strain rate tensor can be calculate

either from the central differencing or other Finite Difference Metho
(FDMs) for the macro-scale velocity variables, or from the local non
equilibrium part of velocity distribution function (NEQM) [33],

Sij ¼
3sv
2ρ

ρδij=3þ ρuiuj−Pij

h i
ð8

and Pij ¼ ∑
α

eα ieαj f α. The model parameters in the standard k–εmode

σk0 = σk = σε0 = 1.0, σε = 1.3, c1 = 1.44, c2 = 1.92 and Cμ = 0.09.

2.2.2. Wall function
Since the flow is not turbulent all the way down to thewall, thewa

functions were used to describe the law-of-the-wall velocity profil
through the empirical correlations tomodel the viscosity-dominated re
gion. If thewall-adjacent nodesmeet the law-of-the-wall rule, the shea
stress at wall τw is equal to that at wall-adjacent nodes. The law-of-the
wall for mean velocity for standard wall function is

uþ ¼ 1
κ

lnyþ þ B ð9

where

uþ ¼ UPC
1=4
μ k1=2P

τw=ρ
ð10

yþ ¼ C1=4
μ k1=2P yP

v0
ð11

and the von Karman constant κ = 0.4178, B = 5.0, UP is the velocity o
fluid at the first wall-adjacent node P, kP is the turbulence kinetic energ
of the first wall-adjacent node, yP is the distance between wall and th
first wall-adjacent node. These relationships apply only when y+ is be
tween 11.5 and 300. Thereafter the shear stress at thewall τw can be ob
tained. Then the production of kinetic energy Gk, under the hypothes
of local equilibrium at the wall-adjacent nodes, can be calculated from

Gk ¼ τw
∂UP

∂y
¼ τw

τw
κC1=4

μ k2PyP
ð12

and the turbulent dissipation rate,

εP ¼ C3=4
μ k3=2P

κyP
ð13

2.3. Numerical discretization of standard k–ε model

In this work, the standard k–ε model was solved by Finite Volum
Method (FVM), and Eqs. (3), (4) can be rewritten as [26, 27],

∂ϕ
∂t

þ ui
∂ϕ
∂xi

¼ Dϕ
∂2ϕ
∂x2i

þ Sϕ ð14
where ϕ represents the turbulent properties k or ε, Dϕ is the effectiv
viscosity and Sϕ is the source term. Eq. (14) can be discretized as,

aPϕP ¼ ∑anbϕnb þ a0Pϕ
0
P þ Sc ð15

where aP = ∑anb + aP
0-Sp, anb is the coefficient for neighboring node

and depends on the discretized schemes. aP0=ϕP
0ΔV/Δt and ϕP

0 denote
the turbulent variable in the last time step. For the k equation, Sc = G
and SP = −ε/k⁎, where k⁎ is the turbulent kinetic energy of the las
time step. For the ε equation, Sc = c1εGk/k and SP = −c2ε⁎/k, and ε⁎
the turbulent dissipation rate of the last time step.

3. Evaluation of Different Numerical Treatments

In this section,we investigated the influence of several key factors o
the numerical stability of the coupled model of LBM and explicitl
solved standard k–ε model, e.g., the collision models in LBM, th
discretization schemes of convection terms and the computationa
methods of production terms in the standard k–ε model. The impact
of the artificial limits were also investigated. For the collision mode
in LBM, we compared the simulation using the LBGK model with tha
of the MRT model. For the discretization schemes of the convectio
term in the standard k–ε model, we used the second order Total Varia
tion Diminishing (TVD) scheme with SUPERBEE limiter [34] or th
Weighted Essentially Non-Oscillatory (WENO) scheme [35]. For th
computation of production terms in the standard k–ε model, e.g. Gk i
Eqs. (6),(7), we compared the FDM for macro-scale velocity variable
and the NEQM from the LBM simulation (Eq. (8)). Rather than testin
each single numerical method mentioned above which has been a
ready investigated in literature, we aim to find a suitable combinatio
of these numerical schemes, which can ensure the numerical stabilit
of the coupledmodelwithout any artificial limitations. A classical turbu
lent flow benchmark problem with flow separation or turbulen
backward-facing step flow has been used in the numerical tests.

The simulation was implemented on the supercomputer cluste
“Mole-8.5” installed with a hybrid architecture of multiple Graphica
Processing Unit (NVidia Tesla C2050 GPU) cards and CPU cores (Inte
Xeon E5430 CPU, RAM 16G) in the Institute of Process Engineering o
Chinese Academy of Sciences. It took about 67.5 s to update 1000
time step for the grid of 300×2000with 4 GPU cards. It should be poin
ed out that the suitable load has to be chosen for GPU to achieve th
maximum performance. We implemented the parallel computation o
the coupled model of LBM and the explicitly solved standard k–
model with the following steps:

(1) Decompose the whole domain into several sub-domains for par
allel computation and initialize the variables on CPUs and GPUs

(2) Update the velocity distribution function by calculating the coll
sion process, i.e., the right hand side of Eq. (1), f ∗(x,t)= f(x, t)−
M−1S(m−meq)+(I−S/2)F, and then the propagation process
implemented through f (x+eiΔt, t+Δt)= f ∗(x, t). Here the tur
bulent viscosity is incorporated into the collision matrix S. Th
step is implemented on GPUs.

(3) Exchange and update the velocity distribution functions of sub
domain boundary on GPUs: the velocity distribution function
for data transfer stored on GPUs is first copied to the local CPU
and then transferred to corresponding CPUs for the adjacen
sub-domains using Message Passing Interface (MPI), and finall
the velocity distribution functions on those CPUs is copied t
their local GPUs allocated to the adjacent sub-domains to updat
the velocity distribution functions at the sub-domain boundary.

(4) Impose the boundary conditions and compute the macro var
ables, density fluctuations or velocity on GPUs;

(5) Update the turbulent kinetic energy k or turbulent dissipation rat
ε through Eq. (15) and turbulent viscosity through Eq. (5) o
GPUs;
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Fig. 2. Convergence history when using different collision models.
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(6) Exchange and update k and ε on sub-domain boundary as step 3
(7) Return to step 2 and repeat steps 2–6 until the finalization o

calculation.

3.1. Geometry and numerical setups

The geometry of backward-facing step flow is illustrated in Fig. 1
The expansion rate (ER) is defined by ER = (Hin + H)/Hin = 1.
where Hin is the inlet height and H is the step height. L1 = H and L
= 20H. The flow condition is the same with the experiments [36] an
theReynolds number ReH based on the step heightH and free streamve
locity (U0) is 44000.

The velocity inlet condition and the fully-developed outlet boundar
condition were used. The stream-wise velocity distribution at inlet wa
set to follow the −1/7 law [37],

U ¼ U0
y
δ

� �1=7

U0

(
y ≤ δ
y N δ ð16

whereU0 is the fully-developed free stream velocity and set as 0.1 in lat
tice unit in all simulations, y is the distance betweenwall and nodes, δ i
the boundary layer thickness and equal to Hin/3.3. The rest of bound
aries are treated as no-slip walls.

The turbulent kinetic energy at the inlet kin=1.5I2U0
2 and the turbu

lent intensity I ¼ 0:16Re−
1
8

Hin
. The turbulent dissipation rate at inle

εin=Cμ
3/4kin

3/2/l and the length scale l=min(κy,0.085Hin/2) where th
von Karman constant κ = 0.4178 and y is the distance between th
wall and first wall-adjacent nodes. Neumann boundary condition (th
gradient of k and ε is zero) was imposed for k and ε at the outlet. I
should be pointed out that the no-slip wall boundary condition is real
ized by the half-way bounce-back, and thewall is located at the half lat
tice height away from the first wall-adjacent nodes. Hence th
calculation was not implemented all the way down to the wall, an
the standard wall function was applied.

3.2. Effects of collision models

In the comparison of the collision models (LBGK and MRT), NEQM
(Eq. (8)) and TVD were used. The upper threshold limiter for turbulen
viscosity was set as 0.25 (in lattice unit), which follows the work o
Teixeira [26]. Fig. 2 shows the convergence history of simulations wit
different collision models. The L2 error is defined by

L2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
∑ j u xj; t þ 1

� �
−uðxj; tÞ

		 		
2

∑ j u xj; t þ 1
� �		 		

2

s
ð17

Both the simulation cases converged. The L2 errors of th
MRT–NEQM–TVD case are about two-orders smaller than that o
the LBGK–NEQM–TVD case. Fig. 3 illustrates the streamlines predicte
Fig. 1. Geometry of bac
in the two caseswhen theflow reaches the steady state. TheMRT case i
more stable and can qualitatively capture the primary and the second
ary vortexes. By contrast, there are strong numerical oscillations in th
LBGK simulation and even the primary vortex is not qualitatively cap
tured. Then we compared the predicted vertical velocity at x/H = 4, a
illustrated in Fig. 4. Fig. 5 depicts the prediction of stream-wise velocit
distribution at the bottom wall along the upstream of the step. Appar
ently, serious numerical oscillations appear in the LBGK simulatio
whereas the MRT case can eliminate this problem.

We further investigated the numerical stability of LBGK or MRT col
lisionmodels coupled with other combination of numerical treatment
e.g., the discretize schemes for convection terms (TVDorWENO) or pro
duction terms (2nd or 4th order FDM or NEQM). The artificial uppe
threshold limiter for turbulent viscosity (0.25 in lattice unit) was im
posed in the simulations. As illustrated in Fig. 6, for the LBGK collisio
model, the simulation only converges when TVD and NEQM method
are used for the standard k–εmodel. Comparison of different numerica
schemes is also listed in the table in Fig. 6. By contrast, when using th
MRT collisionmodel, the simulation always converges (Fig. 7). The sim
ulation is more stable for the cases of MRT collisionmodels. It should b
noticed that these conclusions aremadewhen the threshold limiters ar
imposed for turbulent viscosity.

3.3. Effects of threshold limiters

The artificial limitations on turbulent viscositywere employed to en
hance the numerical stability, and the maximum turbulent viscosity a
steady state was 0.07 in lattice units in the last section. These threshol
limiters in literature are sometimes artificial or empirical andmay affec
the numerical accuracy, especially for the transient or time-dependen
flow simulation. Thenwe investigated the effects of the upper threshol
limiter (Mu) of turbulent viscosity. The upper limiter was used as
threshold in calculation to allow the update of the turbulent quantitie
kward-facing step flow.
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Fig. 4. Normalized vertical velocity (x/H = 4).
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Fig. 6. Convergence history when using LBGK collision model (threshold limiter for
turbulence viscosity: 0.25).
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Three thresholds of turbulent viscosity (0.01, 0.07 or 0.1 in lattice unit
were tested in the simulation in the MRT cases. As illustrated in Fig. 8
the stream-wise velocity for Mu = 0.07 are similar to that of Mu =
0.1 at x/H=12 (behind the step) and y/H=0.25. But there are large os
cillations forMu=0.01. It is clear that the threshold limiter does impac
the transient flow simulation.
Fig. 5. Normalized stream-wise velocity distributions (0 b x/H b 1 and y/H = 1).
.

3.4. Effects of the computational methods for production term

As mentioned in Section 3.2, only the cases jointly using the NEQM
and TVD methods can converge when imposing the threshold limite
Fig. 7. Convergence history when using MRT collision model (threshold limiter for
turbulence viscosity: 0.25).

.
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in the LBGK case, and there is no such limitation in the simulation of th
MRT case. The latter suggests also that NEQM is not necessary to en
hance the convergence of the MRT case. In this section, we then re
moved the artificial threshold limiters. As illustrated in Fig. 9, th
LBGK–NEQM–TVD case diverged. The cases using the MRT collisio
model and the TVD scheme for convection terms was always stable re
gardless of the discretization schemes for the production terms. Th
cases usingMRT andWENO schemes for convection termswas only sta
ble when NEQMwas chosen to calculate the production terms. It can b
found that both TVD and NEQM are necessary to ensure the conver
gence of the MRT cases without the threshold limiters for turbulen
viscosity.
t
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Fig. 9. Convergence history when using different numerical treatments (without
threshold for turbulence viscosity).

.

Fig. 10. Normalized reattachment length (Xr/H).
[36].
3.5. Boundary layer

The grid configuration, especially the arrangement of wall-adjacen
nodes, is important for simulation accuracy. It was reported that th
grid-independent solution for the flow with separation, such a
backward-facing step flow, cannot be obtained for most of the turbu
lence modeling approaches using wall functions or even the k–ω
model [38]. To investigate the effect of boundary layer modeling, th
MRT–TVD–NEQM method which shows the best numerical stabilit
without imposing the threshold limiters for turbulence viscosity, wa
used in this section. The first wall-adjacent nodes should be located i
the logarithmic region, which means that y+ should fall in th

range of 11.5–300. y+ can be estimated from the correlation, yþ ≈
Δyffiffiffiffi
74

p
Hin

Re13=14Hin
[39]. Hence the distance between the first wall-adjacen

node and wall Δy meets the condition: 11:5
ffiffiffiffiffiffi
74

p
HinRe

−13=14
Hin

≤ Δy ≤

00
ffiffiffiffiffiffi
74

p
HinRe

−13=14
Hin

. Δy is 0.5 in lattice unit when using the half-wa
bounce-back boundary condition and uniform grid in this simula
tion. The height of inlet in lattice unit meets the following con

straint,
Re13=14Hin

600
ffiffiffiffi
74

p ≤ Hin ≤
Re13=14Hin

23
ffiffiffiffi
74

p , which means that the maximum gri

number for Hin is around 200 in lattice unit. The effect of mes
size on the predicted reattachment length by the standard k–
model with wall functions is shown in Fig. 10. The prediction devi
ates from the experimental data within ±10% when y+ of the wall
adjacent nodes in front of the step is about 9–15. Further grid re
finement cannot improve the simulation results when y+ is smalle
than 9. Hence 30–50 lattice grids along the step height is suitabl
for the reattachment length predictions, and the simulation in th
following sections then placed 40 grids along the step heigh
direction.
Overall, in the above LBM simulations coupled with the explicitl
solved RANS model, the MRT collision model together with the TVD
scheme for convection terms and NEQM scheme for production term
(MRT–TVD–NEQM) with 40 grids along the step height is more stabl
without the need to impose the threshold limiters for turbulent quanti
ties, and therefore could be recommended for the explicitly solve
LBM–RANS. Fig. 11 shows the streamline of the steady flow predicte
in this work and two other simulations in literatures using Re
Normalization Group (RNG) k–εmodel [26] or k–ωmodel [27]. The re
attachment length for primary vortex predicted in this work was 7.09
The reattachment length predicted in the literature was 7.20 for RNG
k–ε model [26], 7.00 for k–ω model [27]. The reattachment length pre
dicted by this work seems to be in better agreement with the experi
ments (7.10) [36] than the other two. The secondary vortex at th
corner behind the step can be captured, which cannot be observed i
the other two simulations [26,27]. This can also be seen from Fig.
that the secondary vortex cannot be clearly captured by LBGK–TVD
NEQM though the calculation could converge. We found that the evolu
tion of the secondary vortexwas slower than that of the primary vortex
and it took longer time for the secondary vortex to reach steady stat
than the primary vortex, and the evolutions of secondary vortex di
not change the reattachment length of the primary vortex.
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The stream-wise velocity distribution behind the step is presented i
Fig. 12. The prediction of the hybrid model coupling LBM and standar
k–ε model with the recommended scheme is in good agreement wit
the experiments [36].

Then we employed the MRT–TVD–NEQM scheme for the flow a
higher Reynolds number (up to 10 million). 40 uniform grids wer
placed along the step height. No threshold limiters were imposed fo
the turbulent quantities. The streamline and vorticity contour predicte
by the MRT–NEQM–TVD scheme at Re= 107 is depicted in Fig. 13. Th
2D simulation can still converge for such high Reynolds number flow

It should be pointed out that for the 3D simulation of high Reynold
numbers backward facing step flow using LBM and the explicitly solve
standard k–εmodel, even the above scheme optimized for 2D case ma
Fig. 12. Stream-wise velocity distribution.
not guarantee the computational convergence of 3D cases. It is generall
acknowledged that 2D simulation ismore stable than 3D simulation. 3
cases are more complicated and always require stricter CFL criteria t
ensure the convergence of the explicit simulation. Mathematically, it
still not well understood about the dominating factor that impacts th
numerical stability in the coupling of LBM and standard k–ε model.
number of factors may affect the numerical stability of this couplin
such as grid size, time steps, discretization schemes, dimension of com
putational domain, or symmetry of latticemodel. For the latter case, th
artificial limitation for turbulent quantities or using the latticemodels o
more discrete velocities may still be required for coarse grid calculation
Theoretically, the 3D explicit simulation may converge with finer gri
and smaller time steps, but at the expense of huge computationa
costs, which is not feasible for industrial application and therefore no
the purpose of this paper. To seek a practical approach for 3D case
we returned back to the implicit method in solving the standard k–
model. The implicit method needs more iterations and discount th
advantage of the explicit computation of LBM. Section 4, therefor
tackles the acceleration of the coupling of LBM and the implicitly solve
standard k–ε model for 3D cases.
4. A New Acceleration Method for Implicit 3D Simulation

When the RANS turbulence model is implicitly solved, the LBM
RANS simulation is more stable and does not require the artificial nu
merical limitation. However, there are still several open questions. Th
implicit method in the RANS simulation always needs many more iter
ations to ensure the computational convergence and the computationa
speed is relativelymuch slower. The LBM simulation, on the other hand
is an explicitly time-marching approachwithmuch faster computation
al speed. Moreover, the grid size and the time step in LBM simulatio
are constrained to ensure the numerical stability of LBM. Howeve
there are no such restrictions on the grid size or time step in implicitl
solved RANS turbulence model. In the coupling of LBM and RAN
these models are generally solved using the same spatial or tempora
steps. The above constraint in the implicitly solved procedure of RAN
model may greatly slow down the LBM–RANS computation and coun
teract the advantage of parallelism of LBM.
[36].
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Fig. 13. Streamline and vorticity contour predicted by MRT–NEQM–TVD (without threshold) at Re= 107.

Fig. 14. Geometry of the cubic flow domain.
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The key issue is how to find a compatible approach for both th
models and meanwhile accelerate the computation. In this work, w
propose a new acceleration method to synchronize the LBM and RAN
computations, or in other words, making the RANS simulation compat
ible with the LBM computation. In this method, the RANS model i
solved at relatively larger time steps, whereas the LBM simulation is im
plemented on smaller time steps to ensure the numerical stability du
to the explicitly time-marching properties. For the two-way couplin
of the LBM and implicitly solved RANS model, the turbulent viscosit
from RANS model is needed to modify the relaxation time in LBM, an
thefluid velocity is needed in RANS. In our calculation, the turbulent vis
cosities were only stored or updated at larger time steps in RANS an
the fluid velocities were updated at smaller time steps in LBM. Thi
newmethod is a compromise between computational efficiency and ac
curacy, and suitable for the simulation problems with a set of couple
equations in which some equations are simple to solve and can be com
puted fast and the remaining equations are complex and time consum
ing. The computational speed is dominated by the time-consumin
equations. It should be noticed that we still use the same grid configura
tion for both the LBM and RANS simulation. Actually extension of th
above method in terms of spatial scales is straightforward and the spa
tial interpolation method is required in this case.

To clarify and test the newmethod, we simulate the transient activ
mixing process of two fluids with different densities in a cubic domai
(~10m in each direction) using the LBM–RANS (implicitly-solved stan
dard k–ε turbulence model) model. The LBM–RANS simulations wer
compared with the FV-based CFD simulation using commercial soft
ware ANSYS Fluent® to test its accuracy and computational efficiency
This simulation was carried out for the mixing process of two differen
types of miscible fluids in a mixing tank. The Boussinesq approximatio
was applied and the density difference of the two fluids was neglecte
in governing equations, which means the density kept constant in cal
culations. Atwood number, A = (ρ1 − ρ2)/(ρ1 + ρ2), is always used t
represent the density difference of two fluids in Boussinesq approxima
tion method in literature [40]. Although A → 0 can give better predic
tion, this method was also extend to simulate the flow with hig
Atwood number, e.g., 0.16 [41] and 0.5 [40]. The influence of densit
variations was taken into consideration by the buoyance force, Fb,

Fb ¼ α Δ ρg ð18

whereα is the volume fraction of the other fluid,Δρ is the density differ
ence of the two fluids, and g is gravity acceleration.

The scalar transport equation of α is

∂α
∂t

þ ui
∂α
∂xi

¼ Γ
∂2α
∂x2i

ð19

where Γ is the eddy diffusivity, and the ratio between the turbulent vis
cosity and eddy diffusivity is the Schmidt number (Sc). The viscosity o
themixture was updated in term of the local volume fractions of differ
ent fluids. The transport equation was coupled with the governin
equations of fluid flow (Eq. (1)) and the standard k–ε turbulenc
models. Both the scalar transport equations and the standard k–
models were implicitly solved by FVM.

We differentiated two time scales to solve the integrated equation
and the spatial resolution for the equations was kept the same. For th
LBM equation, the time step dt0 was smaller (e.g., 0.002 s). For the scala
transport equation and implicitly solved standard k–εmodel equation
the time step dt1 (e.g., 0.1 s) was set to bemuch larger than dt0. An inte
gral ratio of dt1 to dt0 (n) was always chosen for convenience. Onl
when the scalar transport equations and the LBMequationswere solve
by n time steps (ndt0), the standard k–ε model equations started to b
solved for one time step dt1 to update the turbulent viscosity. The new
method essentially realizes the synchronization of computational o
evolutional speed of the different equations through the difference i
time steps. In this way, the RANS, LBM and scalar transport equation
can be solved in a synchronous manner to maintain the highly paralle
computational efficiency and meanwhile the numerical stability. It i
also physically reasonable since RANS is a time-averaged model an
can be solved at a relatively larger temporal scale.
4.1. Computational acceleration estimation

In this section, computational time formixing process in a cubic tan
was compared with Ansys Fluent® simulation and the original couple
model of LBM and the implicitly solved RANS to demonstrate the com
putational efficiency of the new acceleration method proposed in thi
study. The cubic flow domain (10 m × 10 m × 10 m) is depicted i
Fig. 14, and the spatial scale is similar to the mixing tank of crude oil
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Table 1
Numerical setup and computational speed for mixing process

FV-based CFD LBM–RANS
(implicitly solved)

Turbulence model Standard k–ε model Standard k–ε model
Time step Case1F: 0.002 s

(20 iterations/step)
Case1L: 0.002 s for LB
0.002 s for k–ε & scalar
transport equations
(50 iterations/step)

Case2F: 0.1 s
(50 iterations/step)

Case2L: 0.002 s for LB
0.1 s for k–ε & scalar
transport equations
(50 iterations/step)

Number of grids 1000000 1000000
Number of core 24 Intel CPU cores 4 NVIDIA Tesla C2050

GPU cards
Physical time/computation
time

Case1F: 1 s/310 s
Case2F: 1 s/167 s

Case1L: 1 s/105 s
Case2L: 1 s/7.8 s

Mesh volume 0.001 m3 0.001 m3
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The size of inlet and outlet were 1 m × 1 m. The distance to the bottom
planewas 5m for the inlet and1.5m for the outlet. Initially, the flowdo
main was filled with heavy fluid (density: 900 kg·m−3, kinematic vis
cosity: 1.5 × 10−4 m·s−2). A light fluid (density: 640 kg·m−

kinematic viscosity: 1.5 × 10−4 m·s−2) was pumped into the cubic do
main and two fluids were mixed. The two fluids were miscible and th
corresponding Atwood number was 0.17. A classical Sc number (1000
for liquid–liquid mixing process was used, and the inlet velocity wa
5 m·s−1.

We compared the computational speed of the new acceleratio
method with the previous method for solving the LBM–RAN
model. The computational accuracy was validated by comparin
Fig. 15. Temporal evolution of light oil concentration. Left: Case1F (b
the LBM–RANS simulation with the FV-based CFD simulation usin
commercial package ANSYS Fluent®. Four cases (case1L, case2
case2F and case2F) were set up to test the computational spee
and accuracy. Case1L adopted the previous coupling method for th
LBM–RANS simulation and all the equations were solved by usin
the same time step and grid size. Case2L implemented the new acce
eration method. Case1F and Case2F are the FV-based CFD simula
tions using ANSYS Fluent® in which the time step or grid size wer
kept the same for both the fluid solver and the turbulence mode
equations. The time step in Case1F was much smaller than Case2
The grid size in the LBM–RANS simulation was uniform (0.1 m), th
same with the FV-based CFD simulations. The detail of numerica
setup is shown in Table 1.

In Case2F and Case2L, the time step was enlarged to 0.1 s and th
iteration number within each time step was also enlarged to kee
the numerical stability. As illustrated in Table 1, although the tim
step in Case2F was 50 times larger than Case1F, the computationa
speed of Case2F was only 1.86 times faster than that of Case1F, an
the computation cannot be linearly accelerated by simply increasin
the time step. On the other hand, the computational speed o
Case2L was nearly 13.5-fold faster than Case1L, which means tha
the new acceleration method can significantly promote the computa
tional speed and efficiency. The accuracy of the new acceleratio
method (Case2L) was compared with the FV-based CFD simulatio
(Case1F), as illustrated in Fig. 15. We can find that the new acceler
ation method is in reasonably good agreement with the FV-base
CFD simulation. The light crude oil tends to flow up to the top o
flow domain due to the buoyancy effects. One can further choos
the high order temporal or spatial discretized schemes to optimiz
or improve the simulation accuracy. Theoretically, the new metho
is suitable not only for the coupling of LBM and the standard k–
ottom); Right: Case2L, LBM–RANS with the new acceleration method.
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model, but also for the coupling of LBM with other RANS model
with non-linear terms. It should be noted that for the crude o
mixing, it may take several hours or days to achieve a complet
mixing degree. In the FV-based CFD simulations, even for such
smaller-scale mixing tank (10 m × 10 m × 10 m), it still take
about 310 days to update the simulation of physical time of on
day. By utilizing the new acceleration method for LBM–RANS, w
only need about 1 week.

5. Conclusions

With natural parallelism and explicit time-marching properties
the LBM–RANS models may hitherto be more practical and econom
ical for LBM methods to be applied in industrial-scale turbulen
flows, despite the active researches on DNS or LES in academia. T
keep the efficiency of parallel computation of LBM, the RANS mode
should also be explicitly solved, which greatly affects the numerica
stability; whereas to keep the numerical stability, the implicit meth
od should be better for RANS, which compromises the advantage o
explicit computation and parallelism of LBM. To deal with the real
world applications, the key is how to enhance the numerical stabilit
for the coupled model of LBM and the explicitly solved RANS, or t
harmonize LBM and the implicitly solved RANS to synchronize th
LBM and RANS computation. For the explicitly solved standard k–
model, we found that those artificial limitations imposed on turbu
lent quantities to improve numerical stability may influence the ac
curacy of transient simulations. The combination of MRT and TVD
or MRT and NEQM can ensure computational convergence withou
the need to impose artificial limitations in the 2D simulation o
backward-facing step flow. The MRT–TVD–NEQM schemewas stabl
even at Re = 10000000 in 2D simulation. But the scheme may sti
not guarantee the convergence of 3D simulation in feasible computa
tional resource requirement. Then we proposed a new acceleratio
method to synchronize the LBM and RANS computation, solvin
the RANS model at relatively larger time steps and the LBM
equation at smaller time steps, and implemented this method fo
the LBM coupled with implicitly solved standard k–ε model. Thi
new method was successfully implemented by GPU-accelerate
computation for an industrial-scale tank for crude oil mixing. Th
computational speed was about 13.5-fold faster than the GPU com
putation of LBM–RANS without using this method, and 40-fold faste
than the parallel computation using the FV-based CFD simulation o
commercial CFD software and multiple CPUs.

Nomenclature
aP Coefficient of node P in discretization
anb Coefficient of neighborhood nodes in discretization
B Model parameter (=5.0)
Cμ Model parameter in RANS model (=0.09)
c1 Model parameter in RANS model (=1.44)
c2 Model parameter in RANS model (=1.92)
D2Q9 Lattice model in 2D
D3Q19 Lattice model in 3D
Dϕ the effective viscosity
ER Expansion rate (=1.5)
ei Discrete velocity vector, m·s−1

F Force term in moment space
f Velocity distribution function vector
Gk Generation of turbulent kinetic energy
g Gravity acceleration, m·s−2

Hin Inlet height, m
I Turbulent intensity
k Turbulent kinetic energy, m2·s−2

kP Turbulent kinetic energy at node P, m2·s−2

L2 L2 error norms
l Length of scale
M Transformation matrix
m Velocity distribution function vector in momentum space
meq Equilibrium moment
Re Reynolds number
ReHin Reynolds number based on height of inlet
S Diagonal collision matrix with adjustable parameter
S Magnitude of strain rate tensor, s−1

Sc Schmidt number
Sij Strain rate tensor's components, s−1

Sk Source term in k equation
Sε Source term in ε equation
U0 Fully-developed free stream velocity, m·s−1

UP The velocity of fluid at the first wall-adjacent node P, m·s−

ui Fluid velocity in i direction, m·s−1

u+ Non-dimensional velocity
v0 Non-dimensional kinematic viscosity of fluid
vt Turbulent kinematic viscosity, m2·s−1

Xr Reattached length, m
y Distance between wall and nodes, m
yP Distance between node P and wall, m
y+ Dimensionless wall distance
α The volume fraction of fluid
Γ Eddy diffusivity, m2·s−1

δ The boundary layer thickness, m
ε Turbulent dissipation rate, m2·s−3

εin Turbulent dissipation rate at inlet, m2·s−3

εP Turbulent dissipation rate at node P, m2·s−3

κ Von Karman constant (=0.4178)
Δρ Density difference, kg.·m
σk Model parameter in RANS model (=1.0)
σk0 Model parameter in RANS model (=1.0)
σε Model parameter in RANS model (=1.3)
σε0 Model parameter in RANS model (=1.0)
τ0 Non-dimensional relaxation time
τw Shear stress at the wall, kg·m−1·s−2

ω The specific rate of dissipation, s−1

−3
Appendix

For D2Q9 model, the transformation matrix,M, is written as,

M ¼

1 1 1 1 1 1 1 1 1
−4 −1 −1 −1 −1 2 2 2 2
4 −2 −2 −2 −2 1 1 1 1
0 1 0 −1 0 1 −1 −1 1
0 −2 0 2 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1
0 0 −2 0 2 1 1 −1 −1
0 1 −1 1 −1 0 0 0 0
0 0 0 0 0 1 −1 1 −1

2
6666666666664

3
7777777777775
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The corresponding discrete velocity ei is written as,

ei ¼
0;0ð Þ
cos

π
2
i; sin

π
2
i

� �
− cos

π
4
i; sin

π
4
i

� �
8>><
>>:

i ¼ 0
i ¼ 1−4
i ¼ 5−6

The equilibrium moment, meq, is meq=(δρ,−2δρ+3u2,δρ−3u2,ux,−ux,uy,−uy,ux2−uy
2,uxuy).

The force, F, in moment space is,

F ¼ 0;6Fxux þ 6Fyuy;−6Fxux−6Fyuy; Fx;−Fx; Fy;−Fy;2Fxux−2Fyuy; Fyux þ Fxuy
� �

For D3Q19 model, the transformation matrix, M, is written as,

M ¼

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
−30 −11 −11 −11 −11 −11 −11 8 8 8 8 8 8 8 8 8 8 8 8
12 −4 −4 −4 −4 −4 −4 1 1 1 1 1 1 1 1 1 1 1 1
0 1 −1 0 0 0 0 1 −1 1 −1 1 −1 1 −1 0 0 0 0
0 −4 4 0 0 0 0 1 −1 1 −1 1 −1 1 −1 0 0 0 0
0 0 0 1 −1 0 0 1 1 −1 −1 0 0 0 0 1 −1 1 −1
0 0 0 −4 4 0 0 1 1 −1 −1 0 0 0 0 1 −1 1 −1
0 0 0 0 0 1 −1 0 0 0 0 1 1 −1 −1 1 1 −1 −1
0 0 0 0 0 −4 4 0 0 0 0 1 1 −1 −1 1 1 −1 −1
0 2 2 −1 −1 −1 −1 1 1 1 1 1 1 1 1 −2 −2 −2 −2
0 −4 −4 2 2 2 2 1 1 1 1 1 1 1 1 −2 −2 −2 −2
0 0 0 1 1 −1 −1 1 1 1 1 −1 −1 −1 −1 0 0 0 0
0 0 0 −2 −2 2 2 1 1 1 1 −1 −1 −1 −1 0 0 0 0
0 0 0 0 0 0 0 1 −1 −1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 −1 1
0 0 0 0 0 0 0 0 0 0 0 1 −1 −1 1 0 0 0 0
0 0 0 0 0 0 0 1 −1 1 −1 −1 1 −1 1 0 0 0 0
0 0 0 0 0 0 0 −1 −1 1 1 0 0 0 0 1 −1 1 −1
0 0 0 0 0 0 0 0 0 0 0 1 1 −1 −1 −1 −1 1 1

2
666666666666666666666666666666664

3
777777777777777777777777777777775

The corresponding discrete velocity e is written as,

e ¼
0 1 −1 0 0 0 0 1 −1 1 −1 1 −1 −1 1 0 0 0 0
0 0 0 1 −1 0 0 1 −1 −1 1 0 0 0 0 1 −1 1 −1
0 0 0 0 0 1 −1 0 0 0 0 1 −1 1 −1 1 −1 −1 1

2
4

3
5

The equilibrium moment, meq, is written as,

meq ¼ δρ;−11δρþ 19u2;−475=63u2;ux;−
2
3
ux;uy;−

2
3
uy;uz;−

2
3
uz;3u2

x−u2;0;u2
y−u2

z ;0;uxuy;uyuz;uzux;0;0;0
� �

The force, F, in moment space is,

F ¼ 0;38F � u;−11F � u; Fx;−2
3
Fx; Fy;−

2
3
Fy; Fz;−

2
3
Fz;6Fxux−2F � u; F � u−3Fxux;2Fyuy−2Fzuz; Fzuz−Fyuy; Fxuy þ Fyux; Fyuz þ Fzuy; Fzux þ Fxuz;0;0;0

�
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